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Abstract. In this paper we prove LP estimates for a tri-linear operator, whose symbol 
is given by the product of two standard symbols, satisfying the well known Marcinkiewicz- 
Hormander-Mihlin condition. Our main result contains in particular the classical Coifman- 
Meyer theorem. This tri-linear operator is the simplest example of a large class of multi- 
linear operators, which we called paraproducts with flag singularities. 



1. Introduction 

The purpose of the present article is to start a systematic study of the LP boundedness 
properties of a new class of multi-linear operators which we named paraproducts with flag 
singularities. 

For any d > 1 let us denote by .M(R d ) the set of all bounded symbols m G L°°(R d ), 
smooth away from the origin and satisfying the Marcinkiewicz-Hormander-Mihlin condi- 
tion 1 

for every (GR J \ {0} and sufficiently many multi- indices a. We say that such a symbol 
m is trivial if and only if m(£) = 1 for every £ G R d . 

If n > 1 is a fixed integer, we also denote by A^// a9 (R n ) the set of all symbols m given 
by arbitrary products of the form 

m(0--= II m ^s) (2) 

S<Z{l,...,n} 

where m s G M{H card{s) ), the vector & G U card{s) is defined by £s := (&) ie <j, while 
£ G R n is the vector f := (&)™ =1 . 

Every symbol m GA / i// a9 (R n ) defines an n-linear operator T m by the formula 

•/.(J, ./;/)(•''): f m(OMi)..Jn(Ue 2mxi(l+ --- + ^d^ (3) 

where f\, f n are Schwartz functions on the real line R. 

In the particular case when all the factors (ms)sc{i,...,n} in (2) are trivial the expression 
T m (/i, f n )(x) becomes the product of our functions fi(x)-...-f n (x) and as a consequence, 
Holder inequalities imply the fact that T m maps L P1 x ... x L Pn — > L p boundedly as long 
as 1 < pi, ...,p n < oo, + ... + = 1/p and < p < oo. Similar estimates hold 

1 A < B simply means that there exists a universal constant C > 1 so that A < CB. We will also 
sometime use the notation A ~ i? to denote the statement that A < £? and B < A 

1 



2 



CAMIL MUSCALU 



in the situation when all the factors (ms)sc{i,...,n} m (2) are trivial except for the one 
corresponding to the set {l,...,n}. This deep and important fact is a classical result 
in harmonic analysis known as the Coifman- Meyer theorem [1], [2], [3]. Clearly, the 
same conclusion is also true if we assume that the only non-trivial symbols are those 
corresponding to mutually disjoint subsets of {1, ...,n}, because this case can be factored 
out as a combination of the previous two. 

It is therefore natural to ask the following question. 

Question 1.1. Is it true that T m maps L Pl x ... x L Pn — > L p boundedly as long as 1 < 
Pi, ...,p n < oo, 1/pi + ... + l/p n = l/p and < p < oo for any m G.M/ ia9 (R n ) ? 

The main goal of the present paper, is to give an affirmative answer to the above ques- 
tion, in the simplest case which goes beyond the Coifman-Meyer theorem. We will consider 
the case of a tri-linear operator whose non-trivial factors in (2) are those corresponding 
to the subsets {1,2} and {2,3}. 

More specifically, let a, b E .M(R 2 ) and denote by T ab the operator given by 

T ab (f 1 ,f2,fs)(x) := / 3 a(6,6)K6,e3)/i(6)/ 2 (6)/3(e3)e 27r ^ 1+6+ ^^i«3. 

JR 3 (4) 

Our main theorem is the following. 

Theorem 1.2. The operator T ab previously defined maps L Pl x L P2 x L P3 — > L p as long 
as 1 < Pi,p 2 ,P3 < oo, l/pi + l/p 2 + I/P3 = 1/p and < p < oo. 

Moreover, we will show that in this particular case there are also some L°°-estimates 
available (in general, one cannot hope for any of them, as one can easily see by taking all 
the factors in (2) to be trivial, except for the ones corresponding to subsets which have 
cardinality 1 ). We believe however that the answer to our Question 1.1 is affirmative in 
general, and that the L p -estimates described above are satisfied by the operators T m in 
(3) for all the symbols m G-M// a9 (R™). We intend to address this general situation in a 
separate, future paper. 

To motivate the introduction of these paraproducts with flag singularities, we should 
mention that some particular examples appeared implicitly in connection with the so- 
called bi-est and multi-est operators studied in [7], [8], [13]. 

The bi-est is the tri-linear operator T bi _ est defined by the following formula 

T bi -est(fi,f2,fs)(x) := f /i(6)/2(6)/3fe)e 2 ™ (?1+6+?3) ^i^2^3 (5) 

and we know from [7] and [8] that it satisfies many //-estimates of the type described 
above. Its symbol X£i<£2<& can be viewed as a product of two bi-linear Hilbert transform 
type symbols, namely X£i<& an d X&<& [5]. If one replaces them both with smoother 
symbols in the class .M(R 2 ), then one obtains our tri-linear operator T ab in (4). 

As mentioned in [10], the interesting fact about such operators as T m in (3), is that 
they have a very special multi-parameter structure which seems to be new in harmonic 
analysis. This structure is specific to the multi-linear analysis since only in this context 
one can construct operators given by multi-parameter symbols which act on functions 
defined on the real line. 
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2. Adjoint operators and interpolation 

The purpose of the present section is to recall the interpolation theory from [6], that 
will allow us to reduce our desired estimates in Theorem 1.2 to some restrictead weak 
type estimates, which are more convenient to handle. 

To each generic tri-linear operator T we associate a four-linear form A defined by the 
following formula 

A(/i,/ 2 ,/s,/ 4 ):= f T{f u f 2 ,h){x)U{x)dx. (6) 
</]R 

There are also three adjoint operators T**, j = 1, 2, 3 attached to T, defined by duality 
as follows 



/ T*\f 2 ,h,U){x)h{x)dx:=k{hJ 2 ,f z ,U), (7) 
J 1R 

/ T* 2 (f u / s , U){x)f 2 {x)dx := A(/i, / 2 , / 3 , / 4 ), (8) 

</]R 

[ T t3 (f 1 ,f 2 ,f A )(x)Mx)dx:=A(f 1 ,f 2 ,f s ,f A ). (9) 

For symmetry, we will also sometimes use the notation T* 4 := T. 
The following definition has been introduced in [6]. 

Definition 2.1. Let (pi,p 2 ,p 3 ,P4) be a 4-tuple of real numbers so that 1 < pi,p 2 ,P3 < oo, 
1/pi + l/p 2 + l/p3 = l/p4 and < pi < oo. We say that the tri-linear operator T is 
of restricted weak type (pi,P2,P3,P4) , if and only if for any (Ei)f =l measurable subsets of 
the real line R with < \Ei\ < oo for i = 1,2,3,4, there exists a subset E' A C E 4 with 
\E' 4 \ ~ \E 4 \ so that 

T{h,f 2 ,h){x)U(x)dx\ < {E^IE^IE^IE^, (10) 

for every f\ G X(Ei), i = 1, 2, 3 and f\ e X(E f 4 ) where in general X(E) denotes the space 
of all measurable functions f supported on E with \\f\\oo < 1 and p' A is the dual index of 
P4 (note that since l/p& + I/P4 = 1, p' 4 can be negative if < p^ < 1 ). 

As in [7], [8] let us consider now the 3 - dimensional hyperspace S defined by 

S := {(«!, a 2: CK3, cx.4) G H 4 : «i + «2 + ^3 + 0:4 = 1}. 

Denote by D the open interior of the convex hull of the 7 extremal points A u , A i2 , A 2 ±, 
A22, A31, A32 and A4 in Figure 1. They all belong to S and have the following coor- 
dinates: A n (-1, 1, 1, 0), A 12 {-1, 1, 0, 1), A 21 (l, -1, 1, 0), A 22 (0, 0, 0, 1), ^(l, 1, -1,0), 
A 32 (0, 1,-1,1) and ^(1,1,1,-2). 
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Figure 1. Polytopes 



Denote also by D the open interior of the convex hull of the 5 extremal points A 2 2, 
Gi, G2, G3 and A4 where Gi, G2 and G3 have the coordinates (1,0,0,0), (0,1,0,0) and 
(0,0,1,0) respectively. The following theorem will be proved directly in the following 
sections. 

Theorem 2.2. If a,b £ A4(R 2 ) are as before then, the following statements about the 
operator T ab hold: 

(a) There exist points (1/pi, I/P2, 1/P3, ^-/pa) £ D arbitrarily close to At so that T ab is 
of restricted weak type (pi,P2,P3,Pi)- 

(b) There exist points (1/pi , l/p 2 3 , 1/P3 , VP4 ) D arbitrarily close to Aij so that T* b l 
is of restricted weak type (Pi ,p 2 J ,P3 ,Pa ) for i = 1, 2, 3 and j = 1,2. 
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If we assume the above result, our main Theorem 1.2 follows immediately from the 
interpolation theory developed in [6]. As a consequence of that theory, if (pi,P2,P3,p) are 
so that 1 < Pi,P2,P3 < oo, 1/pi + l/p2 + 1/^3 = Vp an( i < p < oo then T ab maps 
L Pl x L P2 x LP 3 — > L p boundedly, as long as the point (1/pi, l/p2, 1/P3, belongs to D. 
And this is clearly true if (pi,P2,P3,p) satisfies the hypothesis of Theorem 1.2. In fact, in 
this case, the corresponding points (1/pi, l/p 2 , l/p 3 , 1/p) belong to D which is a subset 
ofD. 

Moreover, since we also observe that all the points of the form (0, 7), (a, 0, /3, 7), 
(a, /3, 0, 7) with a, /? > 0, a + /3 + 7 = 1 and (0, a, 0, /3) with «J>0« + ^=1 belong 
to D, we deduce that in addition T ab maps L°° x L p x L q ^ L r , L p x L°° x L q — ► L r , 
L p x L q x L°° — > 17 and L°° x L s x L°° — > L s boundedly, as long as 1 < p, g, s < 00, 

< r < 00 and 1/p + l/<7 = 1/r. 

The only L°° estimates that do not follow from such interpolation argumens are those 
of the form L°° x L°° x L s — > L s and L s x L°° x L°° — > L s , because points of the form 
(1/s, 0, 0, 1/s') and (0, 0, 1/s, 1/s') only belong to the boundary of D. But this is not 
surprising since such estimates are false in general, as one can easily see by taking f 2 = 1 
in (4). 

In conclusion, to have a complete understanding of the boundedness properties of our 
operator T ab) it is enough to prove Theorem 2.2. 

3. Discrete model operators 

In this section we introduce some discrete model operators and state a general theorem 
about them. Roughly speaking, this theorem says that they satisfy the desired restricted 
weak type estimates in Theorem 2.2. Later on, in Section 4, we will prove that the analysis 
of the operator T ab can in fact be reduced to the analysis of these discrete models. We 
start with some notations. 

An interval / on the real line R is called dyadic if it is of the form / = [2 k n, 2 k (n + 1)] 
for some fc.neZ. We denote by T> the set of all such dyadic intervals. If J G T> is fixed, 
we say that a smooth function $j is a bump adapted to J if and only if the following 
inequalities hold 

\$ { j\x)\ <C la -^T * n (11) 

for every integer a G IN and sufficiently many derivatives / G IN, where \ J\ is the length 
of J. If <3>j is a bump adapted to J, we say that |J|- 1/p $j is an L p - normalized bump 
adapted to J, for 1 < p < 00. We will also sometimes use the notation xj f° r the 
approximate cutoff function defined by 

xM ■■= a + ^i^r 10 . (12) 

Definition 3.1. A sequence of L 2 - normalized bumps (&i)iev adapted to dyadic intervals 

1 G V is called a non-lacunary sequence if and only if for each I G T> there exists 
an interval cui(— cu\i\) symmetric with respect to the origin so that supp$/ C u>i and 
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Definition 3.2. A sequence of L 2 - normalized bumps ($;-)j e x> adapted to dyadic intervals 
I £D is called a lacunary sequence if and only if for each I ET> there exists an interval 
uji{— uj\i\) so that supp$/ C lu I} \ujj\ ~ l^l" 1 ~ dist(0, uji) and ^ huj. 

Let now consider X x , J\ C T> two finite families of dyadic intervals. Let also ( y <& 3 I )i e x 1 for 
j = 1,2,3 be three sequences of L 2 - normalized bumps so that {^ 2 I )i ( zx 1 is non-lacunary 
while (^j)/^ for j ^ 2 are both lacunary in the sense of the above definitions. 

We also consider (c&j),/^ for j = 1,2,3 three sequences of L 2 - normalized bumps so 
that at least two of them are lacunary. Then, define the discrete model operator T\ by 
the formula 

/ 2 , f 3 )(x) := ]7^</i» */><#(/2> / 3 ), (13) 

where 

B}(f 2 ,f 3 )(z):= Yl rp(/ 2l $i)(/ S ,W (14) 

JeJi;|w5|<|a;2|;a;3na;?^0 

If fc is a strictly positive integer, define also the operator T l fc() by 

T 1M (h, h, f 3 )(x) := ^r^(/i,^)(S} ife0 (/ 2 ,/3),^)^ (15) 

where 

#,J/2,/3)(s):= E |4^(/2,^)(/3,^>^- (16) 

Similarly, let us now consider two other finite families of dyadic intervals X 2 , J7~ 2 ^ ^ ■ As 
before, we also consider sequences ($j)/ e x 2 , ($j)jej 2 f° r J = 1, 2, 3 of L 2 - normalized 
bumps, where this time we assume that ($})/ g j 2 is non-lacunary while ($j)/ej 2 are both 
lacunary for j ^ 1 and at least two of the sequences ($j)jej 2 are lacunary. Using them, 
we define the operator T 2 by the formula 

T 2 (/i,/2,/s)(s) := Ei7^< S ^'^),^X/s,^? (17) 

where 

5 7 2 (/i,/ 2 )0r):= E r/L</i. $ J></2^J>^J- ( 18 ) 

JeJ2;\^ J \<\^}W i ,r\uj}^ 

And finally, as before, for any strictly positive integer k define also the operator T 2) fc by 
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T 2 , fe0 (/i,/ 2 ,/ 3 )(x) := Y.\^^ B h (f^h)M){hM)^i (19) 

where 

B 2 Ah, h){x) := ^ r/L</i,^></2,^>^- (20) 

J6.72;2 fc o|a;3|~|a;i|;a;3na;}^0 

The following theorem about these operators will be proved carefully in the forthcoming 
sections. 

Theorem 3.3. Our previous Theorem 2.2 holds also for all the operators T\, T 2 , T\^ Q , 
2~2,fc with bounds which are independent on ko and the cardinalities of the sets X\, X 2 , J\, 
J 2 . Moreover, the subsets {E'^ =1 which appear implicitly due to Definition 2.1, can be 
chosen independently on the L 2 - normalized families considered above. 

4. Reduction to the model operators 

As we promised, the aim of the present section is to show that the analysis of our 
operator T a t> can be indeed reduced to the analysis of the model operators defined in the 
previous section. To achieve this, we will decompose the multipliers 0(^1,^2) and 6(^2,^3) 
separetely and after that we will study their interactions. 

Fix M > a big integer. For j = 1,2,...,M consider Schwartz functions so that 

supp^J C ^[j - l,j], *j = 1 on [j - and for j = -M,-M + 1, -1 consider 

Schwartz functions \F,- so that supp\F; C + 1] and \F,- = 1 on [j,j + 1]. 2 

If A is a positive real number and \I/ is a Schwartz function, we denote by 

the dilation operator which preserves the L p norm of for 1 < p < 00. 
Define the new symbol a(£i,£ 2 ) by the formula 

a(6,6):= E L D ?^&) D ?^& dX '- (21) 

m ax (\j' 1 \,\j' 2 \)=M JM ' 

Clearly, by construction, a belongs to the class M(R 2 ). Also, things can be arranged so 
that |a(£i,£2)| > Co > for every (£1,62) £ R 2 , where cq is a universal constant. Roughly 
speaking, this a should be understood as being essentially a decomposition of unity in 
frequency space into a series of smooth functions, supported on rectangular annuli. Then, 
we write a(£i,£ 2 ) as 

a (£i, 6) = - fc'fl ■ a(6, 6) : = 6) • a(6, 6) = 

2 If / is an interval, we denote by cl(c > 0) the interval with the same center as / and whose length is 
c times the length of I 
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E ^(^1,6)^^(6)^^(6))^' (22) 

max(\j' 1 \,\j' 2 \)=M JR 

and observe that a(6>6) nas the same properties as a(£i,£ 2 )- 

Fix now j[,j' 2 with max(|j(|, \j' 2 \) = M and A' G R. By taking advantage of the fact 
that a G A4(JR 2 ), one can write it on the support of -D^,\F,j ®-D^,\F^ as a double Fourier 
series and this allows us to decompose the inner term in (22) as 

E C ^X< (^^(6)e 2 ™^ 2 ^' fl ) (^^(6)e 2 ™^ 2 ^'^) := 



E c ^%n 2 (^'^(6)J [DS,*%fo: 

i^n^gZ 



where we denoted by and ^™, 2 the functions defined by 

:=^(6)e 2 ™'^ 6 

and 

*J(6) :=^(6)e 2 ™^ 6 
and the corresponding constants C(a){V^ 2 / n / satisfy the inequalities 



\ C ( a )y'Xn' 2 \ ~ + | n /|)iooo (x + |^ 2 |)iooo ' ( 23 ) 



for every n'^n^ G Z, uniformly in A' G R. 

In particular, the symbol 0(^1,^2) can be written as 

a(6,6) = 



E f E E cwSiLni,^ fe + -^(6)) te + .^(6)) 

max(b-|,b-|)=M- /0 n> ' 2e Zk'eZ V 7 V 7 (24) 



Similarly the symbol 6(6,6) can a ls° be decomposed as 

K6,6) = 



E f E E c ( 6 )£Sx/,^fe"w^(6)) few^(6)W 

maxdiCU^^M- 70 „»,„» G Zfe''eZ V 7 V 7 ( 25 ) 



7 7 

where as before, the constants C(6) fc V + 2 K « n » n » satisfy the inequalities 
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\C(K\ j "' j * I < 1 1 

\^\ u Jk"+K",n'{,n%\ ~ ^ _|_ | n //|^1000 (1 _|_ l^^j^lOOO ' 

for every n",n 2 ' G Z, uniformly in k" and /t". 

As a consequence, their product a(£i,£ 2 ) • frfe;^) becomes 

a(ei,6)-K6,6) = 



(26) 



E E EE- 

max(|i;M^|)=Mmax(|j(^|i^)=M n / in / e Z n / /in // e Z 

1 pi 

E ( ^( a )i'+K',n' 1 ,n' 2 ' ( ^(^)fc"+« ; '',n' 1 ',n^' 



^0 



k\k"eZ 



Clearly, one has to have 



supp(L> 2 ^ +K ,*J) n supp(£>£„ +(( „tt;l) ^ 



dn'dn". 
(27) 



(28) 



otherwise, the expression in (27) vanishes. 

Let now ^ be a positive integer, much bigger than log M. If k' and k" are two integers 
as in the sum above then, there are three possibilities: either k' > k" + # or fc" > fc' + # 
or — < #. As a consequence, the multiplier a(£i,£ 2 ) • ^(^2,^3) can be decomposed 
accordingly as 

a(6,6) • = ^1(6,6,6) + ^2(6, 6, £3) +^3(6,6,6)- 

Since it is not difficult to see that m 3 e -M(R 2 ), the desired estimates for the tri-linear 
operator T m3 follow from the classical Coifman- Meyer theorem quoted before. It is there- 
fore enough to concentrate our attention on the remaining operators T mi and T m2 . Since 
their definitions are symmetric, we will only study the case of T mi where the summation 
in (27) runs over those k', k" G Z having the property that k! > k" + #. We then observe 
that since # is big in comparison to logM, we have to have f 2 = —1 or f 2 = 1 in order 

for (28) to hold. In particular, this simplies that the intervals supp(D^, +K ,\l/™, 2 ) fc/e 2 are 
all intersecting each other. 

At this moment, let us also remind ourselves that in order to prove restricted weak type 
estimates for T mi , we would need to understand expressions of the form 



R 



T mi (fi, / 2 , h)(x)h(x)dx 



£1+62+63 +£4=0 



(29) 
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and as a consequence, from now on, we will think of our tri-dimensional vectors (£1, £2? £3) £ 
R 3 as being part of 4- dimensional ones (£1, £ 2 , £3, £4) £ R 4 for which £1 + £ 2 + £3 + £4 = 0. 

Fix now the parameters j[, ft ft, ft, n[, n' 2 , n", n 2 ', k', k" , k' , k" so that k' > k" + # 
and look at the corresponding inner term in (27). It can be rewritten as 



where 



(30) 



xlr™ - ' 1 — D 1 \l/ n 'i 



and 



iTr n 2 ._ nl v Tr n 2 



ll/" 1 

*fe",K",j(' • -^ 2 -fc"-«' 



n 1 vi/ n i 



rf< n 2 ._ nl v& ra 2 

Consider now Schwartz functions ^fc'xjj,^ and ^ k" ,k" so that ^ k' ,k' ,j' 1: j' 2 is identi- 
cally equal to 1 on the interval — 2(supp(\l/^ / 1 K , ^ ) + supp(\E^ 2 K , and is supported 
on a y enlargement of it, while k" ,k" j% is identically equal to 1 on the interval 

(supp(\l/^, 1 , K „ „) + supp(\l/^ ; 2 ; K „ .„)) and is also supported ona| enlargement of it. Since 
£1 + £2 + £3 + £4 = 0, one can clearly insert these two new functions into the previous 
expression (30), which now becomes 



(31) 



The following elementary lemmas will play an important role in our further decomposition 
(see also [8]). 

Lemma 4.1. Z,e^ 771, 772, 773, 774, 7714, 7723 be Schwartz functions. Then, 



L 



+&+&+&=o 



^1 (£1)^2(6)^3)^4)^4(6 + £4)^3(6 + £3)/l(£l)/2(£ 2 )/ 3 (£3)/4(£4)rf£ 



R 



[(A * »7l)(/4 * ^4)] * ?7l4 • [(/2 * »72)(/3 * %)] * ^23^- 
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fl * Vl(Cl)U * »74(C4)»7l4(Cl + &0/2 * »fe(6)/3 * *73(&)Wf2 + &)*; 



+6+«3+«4=0 



R 



/1 * r}i(£,i)fa * v4U)d^idU 



5l+?4=A 

/2 * r) 2 {£ 2 )f 3 * ^3(^3)^2^3 



^14(A)- 



?2+«3 = -A 



?723(-A)dA = 



/ (/1* ?7i)(./4* ?74) (A)t7i 4 (A) 
JR L 

(/2 * JfcX/a * %)(-A)tS(-A) 



R 



[(fi * ?7i)(/4 * 774)] * ^(A) • [(/ 2 * 77 2 )(/ 3 * 7/3)] * 7/2 3 (-A)ciA 



and this, by Plancherel, is equal to the right hand side of the identity. 



Lemma 4.2. Let k EZ be a fixed integer, F 1; F 2 , F 3 three functions in L 1 fl L°°(R) and 
$i ; $2; $3 three L 1 normalized bumps adapted to the interval [0,2 k ]. Then, 



R 



(Fx * $i)(x)(F 2 * $ 2 )^)(F 3 * $ 3 )(x)Gfe 



(32) 



JO T ^, T ,_ nk I 1 I 



IeV;\I\=2 k 

where $/ it)J (y) := |i"| 1//2 Fj(a;j + i| J| — y) /or j = 1, 2, 3 and is the left hand side of the 
dyadic interval I. 



Proof For every j = 1,2,3 write 



Fjiy^jix - y)dy = 2~ k / 2 (F j , H> xj ) 



where $ xJ (y) := 2 fc / 2 $ i (x - y). 

As a consequence, the left hand side of (32) becomes 



2 - 3fc /2 f {F 1 ,H> xA )(F 2 ,Q x , 2 ){F 3 ,Q Xt3 )dx = 
J R 

2- 3h/2 I ( F i^^)( F 2,^,2){F 3 ,^ x , 3 )dx = 

IeV;\I\=2 k Jl 

2:7+2,1 )(F 2 ,$ Xl+Zi2 )(F 3 ,<S> Xl+Zj3 )dz. 



JeX>;|/|=2* 
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If we now change the variables by writing z = t\I\, then this expression becomes precisely 
the right hand side of (32). 

■ 

As a consequence, we have the following corollary. 

Corollary 4.3. Let k',k" G Z be as before, \l/i 7 ^4, \l/i4 be three L 1 normalized bumps 
adapted to the interval [0, 2~ k ] and ^/ 2 , ^3, ^23 be three bumps adapted to the interval 
[0,2 k "}. Then, 

JZi+b+S 3 +U=o (33) 

f E /a), n*M4>(/4, *7 > f,4>*' 

7gX»;|7|=2-*' 

where 5&»(/ 2 ,/3) is given by 

° JeD;|J|=2-'=" 



while *i,t> M (y) := \I\ 1/2 ^u(y -X!- t'\I\) and Vj,*>&(y) := \ J\ 1/2 ^2 3 (y - xj - t"\J\ 
Proof By using the first Lemma 4.1, the left hand side of (33) is equal to 

/ [(/1 * *i)(/4 * *4)] * *u(x) [(/ 2 * #2) (/a * *s)] * * 23 (z)dx = 
</ 1R 

/ [(/l * *l)(/4 * *4)] * ^u(x)F 23 ( y x)dx = 
</R 

(/1 * *i)(a:)(/4 * ^4) (x) (F 23 * V u )(x)dx, 



'R 

where ^14 is the reflection of ^14 defined by ^^(y) := x I / i4(— y) and F 23 is given by 

F 23 (x) := [(/ 2 * *2)(/ 3 * *3)] * *2 3 (z)- 

By using the second Lemma 4.2, this can be further decomposed as 

7GD;|7|=2- fe ' 

On the other hand, since (F 23 , ^7^,14) can also be written as 



F 23 (x)ty I j, M (x)dx= / [(f 2 *^2)(f3*^3)]*^23(x)1fl,t',u(x)dx 

1R </R 



(/ 2 * # 2 )(a0(/ 3 * * 3 )(a:)(*j ) f ,14 * #23) 

/R 

we can apply again Lemma 4.1 and this will lead us to the desired expression. 
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Clearly, modulo the two averages over parameters t',t" G [0, 1], the discretized expres- 
sions in Corollary 4.3 are similar to the ones that appeared in the definition of the model 
operators 7\ and T ljko in Section 3 (one has to consider the 4- linear form associated to 
them to have a perfect similarity). Consequently, we would like to apply this corollary 
to the expressions obtained after combining (31) with (29). We observe however that the 
formulas in (31) are not precisely of the required form (we would need to have instead 
„/ 

of the factor ^ k f K , ■, (£2) a similar one but depending on ^ + £ 4 ) and so they need to be 
"fixed". 

Before doing this, let us first make another reduction. Write the operator T mi as 



max(|ji|,|^|)=Afniax(|ji'Uji'|)=M ni)r ^ g Z n » )n « 6 Z 



(34) 



where T^- n are given by the correspoding symbols in (27) with the expressions in (27) 

being replaced by their new formulas in (31) and where the summation over k', k" G Z 
satisfies the constraint k' > k" + #. 

We are going to prove explicitly that for each j' := j' 2 ) and j" := (j", j 2 ') the 

operator Ti'i j " := T j '> j " satisfies the required estimates. It will also be clear from our 
proof that the same arguments give 



< 



rpj',3" 



LPi xLP2xLP3^,LP 



LPixLP2xLP3->LP (1 + |n'|) 10 (1 + |n"|) 10 

and this would be enough to prove our desired estimates for T mi , due to the big decay in 
(23). 

We now come back to the operator T J ' J ". Its symbol is given by an infinite sum of 
expressions of the form (see (31) and (34)) 



*fc' A 'jj(6)*fe'A',^(6)*fe',«',^,^(C4) 



(35) 



^k",K",j^(C2)^k",K",j^(C3)^k",K",j'^,j^(^2 + £3) 

where we suppressed the indices n^, n' 2 , n", n 2 ', since they are all equal to zero now. 

Fix then M G [100, 200] an integer and write the function ^ k' ,k' j'^2) as a Taylor series 
as follows 



M-\ 



,, . t ^ (^fc'^) ( °(6 + e 3 ) e,M R wS&>& 



1=0 



Ml 



M-l 

E 

1=0 



-6 



(C^') (0 (-6-e 4 ) + 



<2 



R k/,K',j'(£2,£3), 



M\ 



where R^f K , is the usual Mth rest in the Taylor expansion. 
Inserting this into (35) we rewrite (35) as 
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J2(w) 1 C^iteiCS/ei+e^^y • (36) 



2 k 
1=0 



*fe'^/^'^j^K6)*fe'^/^'^^^K6)*fe''A''J^^^'(6 + £3) 



2 fc " ~ 

v^F) m fc,«,7 ? ,7",M(^l'^2,6,^4), 



+ 



2fc' 7 k,K,j',j" 

where the functions (6 +6), and m k,H,p ,p ,m(^i 6, 6, 60 have the 

obvious definitions, so that the two expressions in (35) and (36) to be consistent. 
In particular, using (34) and (36) one can decompose T J ' ^" accordingly as 

M-l 

i=i 

Since we are in the case when k! > k" + #, we can decompose T- 7 ''- 7 " even further as 



M—l oo oo 

T?** = T^' + £ (2- fco )^f + £ (2-^)^- (37) 

Z=l fc =# fc =# 

For a fixed fc > # we observe that the multiplier corresponding to the operator 



which we denote by mp 7, fco (£i, £2, £3) satisfies the estimates 

i^^^,M, fe o(ai<(2 fco ) H 7^ 

for sufficiently many multi-indices a and as a consequence the classical Coifman-Meyer 

theorem (see for instance its new proof in [11]) provides the required estimates for 

with a bound not bigger than C2 10fc °, which is acceptable due to the big decay in (37). 

It is theorefore enough to understand the operators Tj and Tj*^ for I = 1, M — 1 
and ko > But their multipliers have the correct form now and to them we can apply 
the discretization procedure provided by Corollary 4.3. And this will reduce them to 
the model operators Ti and Ti )fco defined in Section 3. 3 Using now Theorem 3.3 and 

tacking advantage of the uniformity properties described there, the estimates for T j '> j " 
follow imediately. 

In conclusion, it is indeed sufficient to prove our estimates for these model operators. 



The lacunarity and non-lacunarity assumptions are also satisfied, as one can easily check 
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5. L 1 ' 00 - SIZES AND L 1 ' 00 - ENERGIES 

We can now start the proof of Theorem 3.3. It is of course enough to treat the operators 
Ti and Ti^ only, since the case of T 2 and T 2y k is similar. We denote by A x and the 
4- linear forms associated with the operators Ti and Ti^. As in [8], since the I- spatial 
intervals are narrower than their corresponding J- spatial intervals, it will be convenient 
to change the order of summation in (13) and rewrite the form Ai as 

Ai(/i, / 2 , h, h) = E i?'"?"? (38) 



JeJi 

where 



a 



(i) 



</2, ^ 



and 

4 3) :=( E TjL(fiM)(U,V)&i,&j)- 

Ieli;u> 3 jnu>j^l/l;\u> 3 j\<\ojj\ ' ' 

Similarly, we rewrite the form A 1)feo as 



Ai >fc0 (/i, /a, / 3 , h) = E jjTIT^M^So (39) 
JeJi 1 1 

where 

41 -■=( E rr^(/i^})(/4, 

76Xi;«;3na;^0;2 fc o|a;3|~|a;2| 1 1 

We know from the definition of Ti and T^ in Section 3 that the family (3>f)j may be 
non-lacunary while (3>})j for i 7^ 2 are both lacunary. On the other hand we also know 
that there exists a unique j = 1, 2, 3 which we fix from now on, so that the corresponding 
family ($j) j is non-lacunary while ($j) j for i 7^ j are both lacunary. 

The standard way to estimate the forms A 1 and A l fco is to do so by introducing some 
sizes and energies which in our case are going to be more abstract variants of similar 
quantities considered in [11]. 

The following definition contains those expressions which will be useful when estimating 
the form Ai. 

Definition 5.1. Let J be a finite family of dyadic intervals and i = 1, 2, 3. For i = j we 

define 

siz<^(( a ?)j) 

and for i 7^ j we define 



,Wi 



sup 

JeJ 



JIV2 
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Jej\J\ 



KJ'eJ;J'CJ 



la (i)|2 



1/2 



J' 



1,00 



Similarly, for i = j we define 



energy^((a5 ) ) J ) := supsup2 n (^ |J|) 
neZ D j e D 

where D ranges over those collections of disjoint dyadic intervals J having the property 
that 



Ul 1 / 2 



> 2 n 



and finally, for i ^ j we define 



energy^((a5 ) ) J ) := sup sup 2»(£ | J|) 

where this time D ranges over those collections of disjoint dyadic intervals J having the 
property that 



1 

\T\ 



|a W|2 



1/2 



> 2 n . 



1,00 



The next definition will be useful when estimating the form A 1)feo . 

Definition 5.2. Lei J be a finite family of dyadic intervals and k > For j = 3 we 

define 



size ik ,j(( a fk )j) := SU P fm 



,(3) I 



\J\ 1 ' 2 



and for j 7^ 3 we define 



JeJ 



1 



\J\ 



E 



|2 X ^ 2 



\J' 



1,00 



Similarly, for j = 3 we define 



energy 3 ^ j((af k() )j) := supsup2 n (^ |J|) 

neZ D jgD 

where D ranges over those collections of disjoint dyadic intervals J having the property 
that 



I ( 3 ) I 
l a J,fcpl 

Ul 1 / 2 



> 2 n 



and finally, for j 7^ 3 we define 
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energy 3 3MhJ ((af ko )j) := supsup2 n (^ |J|) 

neZ D j e D 

where this time D ranges over those collections of disjoint dyadic intervals J having the 
property that 



1 



E 



in |2 X V2 



l a J',fco 



\J'£j;J'CJ 



J' 



> 2 n . 



l,oo 



The following John - Nirenberg type inequality holds in this context, see [6]. 

Lemma 5.3. Let J be a finite family of dyadic intervals as before. Then, for i ^ j one 
has 



^[jda^j) ~ sup— J— I 
and similarly, if j ^ 3 one a/so /ias 

siz <fc ^(( a S )./) ~ s r u PT7n72(E l a J 3 'kl 2 ) 1/2 - 



^(E i^i 2 ) 1/2 

J'CJ 



J&J 



J'CJ 



The following lemma, which has been proven in [6], will also be very useful. 
Lemma 5.4. Let J be as before and i ^ j . Then, for every J e J one has the inequality 



J' 



< II f~N 



Wfx 



j in 



l,oo 



\J'eJ;J'CJ 

for every positive integer N, with the implicit constants depending on it. 

The following general inequality will play a fundamental role in our further estimates. 
It is an abstract variant of the corresponding Proposition 3.6 in [11]. 

Proposition 5.5. Let J be as before and k > #. Then, 



|Ai(/i, / 2 , /a, h)\ < n( s K^(( a ?)^)) 1_ ^ ene ^(( a ? ) ) t /)) ei (40) 



i=i 



for any < 0±, 02, 03 < 1 snc/i £/ia£ #i + #2 + #3 = 1, wii/i £/ie implicit constants depending 
on 0i for i = 1, 2, 3. Similarly, one also has 



|A-i,fc (/i, f 2 , f3, fi)\ < 

(size^a^),)) 1 -^^ 
for any 9i,02,03 exactly as before. 



(41) 
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The proof of this Proposition will be presented later on. In the meantime we will take 
advantage of it. In order to make it effective we would need to further estimate all these 
sizes and energies in terms of certain norms involving our functions f±, f 2 , f 3 , The 
following lemma is an easy consequence of the previous definitions and of Lemma 5.4 (see 
[6])- 

Lemma 5.6. Let E C R be a set of finite measure, i 7^ 3 and f i+ i G X{E). Then, 

s i ze l,j(( a ^j)j) ~ SU P T7T / Xjdx, 
JeJ \ J\ Je 

for every integer N , with the implicit constants depending on it. 

Similarly, one also has 
Lemma 5.7. With the same notations as in the previous lemma, we also have 

energy^((a«) J ) < \E\. 

Proof Let n G Z and D be so that the suppremum in Definition 5.2 is attained. We also 
assume that i 7^ j (the case % = j is in fact easier and is left to the reader). Then, since 
the intervals J G D are all disjoint, we can estimate the left hand side of our inequality 

by 



2 B (X)l^l) = 2 B llE^lli = 2 B llE^lli,oo< 
jgd 



Jgd jgd jgd 

< 



JeD 1 1 j'eJV'cj 



1 w 


2 




J' 





I l,ooXJ 



l,oo 



iJ\\ l,oo ^$ 



II J2(tt\ I \f^\xj dx )x. 

JGD J 

II E^nr / XEXjdx)xj\\i,oo < ||m(xb)||i,oo < \e\, 

JGD |J| J 

where M is the Hardy - Littlewood maximal function and we also used Lemma 5.6. ■ 
We will also need 

Lemma 5.8. Let E X ,E^ C R be sets of finite measure, f 3 G X(E 3 ) and f\ G X{E^). 
Then, 

^iA(af)j), size^ >fco<7 ((4 3) )j) < 

su Pnr / xj dx ) ( su Pnr / xj dx ) > 

K JeJW\JE 1 J \J(lJ\ j \Je a / 

for any < 6 < 1 and for every positive integer N , with the implicit constants depending 
on them. 

Similarly, we also have 
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Lemma 5.9. With the same notations as in the previous Lemma 5.8, we have 

energy^ ( (af )j), energy J 3koJ ((af)j) < 

sup^/ Xjdx] Vsup-^/ xfdx) Vi| ei l^4| e2 , 
jeii Ml J Ei J \ieii Ml Je 4 J 

for any < 9 1 ,9 2 < 1 with 9 1 + 9 2 = 1 and for every integer N, with the implicit constants 

depending on them. 

The proofs of these two lemmas will be presented later on. In the meantime, we will 
take advantage of them, in order to complete the proof of our Theorem 3.3. 

6. Estimates for Ti and Ti )fco near A± 

In this section we start the proof of Theorem 3.3. Clearly, due to symmetry consid- 
erations, it is enough to analyze the case of Ti and T ljfco , the case of Ti and T 2ifeo being 
similar. 

Let now (pi,P2,P3,P4) be so that (1/pi, I/.P2, 1/P3, I/P4) £ D and is arbitrarily close to 
A4 which has coordinates (1, 1, 1, —2). Let also £i, -E 2 , £4 C R be measurable sets 
of finite measure. By scaling invariance, we can also assume that IE4I = 1. Our goal is to 
construct a subset E' 4 C E 4 with \E' 4 \ ~ 1 and so that 

|Ai(/i,/ 2 ,/3,/ 4 )|, IW/1,/2,/3,/4)] < {E^IE^IE^ (42) 

for every fi G X{E^), i = 1,2,3 and / 4 G -^(£'4). As in [11] define first the exceptional 
set fl by 



V:={J{M{^)>C} 

3=1 I i\ 



and observe that |Q| < 1/2 if C is a big enough constant. Then, set E' 4 := E A \ Vl which 
clearly has the property that \E' 4 \ ~ I. 
Now, we decompose the sets J\ and Z\ as 



d>0 

^ ■= U J f 

d'>0 

where ^ is the set of all intervals J G J\ with the property that 



and Xf is the set of all intervals / G Xi with the property that 

1 + dist(/,^) ^ 2j 
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From the definition of Q we have 



Xjdx<2 d \E j \ (43) 

for j = 1,2,3 and since obviously the left hand side of (43) is also smaller than 1, it 
follows that 

for every < a < 1 and j = 1, 2, 3. 
Similarly, we also have that 

for every < (3 < 1 and j = 1, 2, 3. 

On the other hand, since E' 4 C f2 c we also know that 

4 / Xjdx < 2- Nd 
\ J \ Je' a 

and 

|1 f xrdx<2- Nd ' 

I I J E' 4 

for any integer iV > 0. Using now our previous lemmas together with all these observa- 
tions, we obtain the estimates 

size^ id ((a^ ) ) J )<2^|E 2 r 2 

size^ Jid ((a { p)j)<2 d ^\E 3 r 
size^Uaf),), size' Wid ((ag o )./) < (2 d - 1^)^(2^ 

and similarly, 

eneTgy[^ d ((a { j ] )j) < \E 2 \ 
energy J 2 ^ d ((a5 7 2) ) J ) < \E 3 \ 

energy^^),), energy^^^),,) < (2^|E 1 |ft) 1 - e i(2-^') 1 ^|E 1 | e i 

whenever < an, a 2 , a 3 , A < 1, < 9 < 1 and < 9[, 9' 2 < 1 with + # 2 = 1. 

By using now Proposition 5.5 we deduce that for any < 1 ,9 2 ,9 3 < 1 with 9i+9 2 +9 3 = 
1, one can estimate the left hand side of (42) by 

(2 da2 | J B 2 | Q2 ) 1 ^ 1 (2 da3 | J B3| a3 ) 1 ~ f?2 [(2 d | J Bi|) 1 ~ f? (2~ Ard )Y _e3 - 
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|E 2 | ei | J B 3 | e2 [(2 d '| J B 1 |) 1 - e i(2-^') 1 -^|^i| ei ] e3 = 

|^ i |(l-6»)(l-0 3 )+6'3 . |_£r 2 |Q2(l-0l)+01 . | £ g | <*3 (1-02 )+8 2 . . 2~ Vd ' 

where u, v are both positive numbers depending on all these parameters and also on N. 

Now, if one takes 9\ very close to and a 2 , a 3 very close to 1, one can then define 
1/pi := (1 - 0)(1 - 3 ) + 03, 1/P2 := a 2 (l - 0i) + 0i and l/p 3 := a 3 (l - 2 ) + 2 and they 
can be chosen as close as we want to the point (1,1,1). 

In the end, one can sum over d,d' > if our constant iV is big enough. 

A similar argument proves the desired estimates for T^* 1 and T*\^ near the points An 
and A 12 . 

7. Estimates for Tj* 3 and 7\*J. o near A 31 and A 32 

The proof uses similar ideas as in the argument in the previous section. 

Let (pi,P2,P3,P4) so that (1/pi, l/p 2 , l/p 3 , l/p4) G D and is arbitrarily close to either 
A%i or A 32 . Consider E\, E 2 , E 3 , E4 C R measurable sets of finite measure and assume 
as before that \E 3 \ = 1. Our task is to construct a subset E' 3 C E 3 with \E' 3 \ ~ 1 so that 

|Ai(A,/ 2 ,/ 3 ,/4)|, |A 1>Jfc0 (/ 1 ,/ 2 ,/ s ,/ 4 )| < m^E^E^ (44) 

for every ft G X(^), 2 = 1, 2, 4 and / 3 G X(E' 3 ). 
Define the exceptional set 




and then set E' 3 := E 3 \ f2 for a sufficiently large constant C > 0. 

With the same notations as in Section 6, we obtain the estimates (this time there is no 
need to decompose X\ as there) 

^ Jt {{af)j)<2 d ^\E 2 r 

^ Jt {{af)j)<2- Nd 

size{ Jid ((af)j), size 3Mid ((a% o )j) < (2^\E l rY~ 9 (2 d ^\E A n e 
and similarly, 

energy* >Jd ((a { p)j) < \E 2 \ 
ener^Mafh) < 1 

energyj j; ((af)j), energy* ^ ) j) < \EfyE t f> 

whenever < a 1: a 2 , a 4 < 1, < < 1 and < 0i, 2 < 1 with X + 2 = I. 

Then, by applying Proposition 5.5 we obtain the following estimates for the left hand 
side of (44) 
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^\E 2 \ a2 ) 1 - ei (2- Nd ) 1 - e2 [(2 d \E 1 \) 1 - e (2 d \E 4 \) e ] 1 - e3 - 
\E 2 \ ei [\E 1 f 1 \E4*'] e3 = 

|£ i |(l-6O(l-0 3 )+ei6>3 . |^ 2 |a2(l-6»i)+0i _ |^ 4 |6»(l-6»3)+e26»3 . 2~ ud 

where again u is a positive number depending on all these parameters. 

Then, we^ define 1/pi := (1 - 0)(1 - 3 | + l/p 2 := a 2 {l - 0i) + 9i and l/p 4 := 
6>(1 -0 3 ) +0 2 9 3 and since (1 - 0)(1 - 3 ) + 0i0 3 + 0(1 - 3 ) + 9 2 9 3 = 1, one can easily check 
that p 2 can be chosen very close to 1 (by chosing a 2 close to 1) and the pair (1/pi, I/P4) 
very close either to (0, 1) or (1, 0) which is what we wanted. And in the end we sum over 
d > since u remains positive if we chose iV big enough. 

A similar argument proves the required estimates for the operators T{ 2 and T*| near 
A 2 i and A 22 . 

8. Proof of Proposition 5.5 

This section is devoted to the proof of Proposition 5.5. As we pointed out earlier, 
this proposition is a more abstract version of the corresponding Proposition 3.6 in [11]. 
Its proof is similar and we include it here for completeness and also for the reader's 
convenience. 

Proposition 8.1. Let J be a finite family of dyadic intervals, J' a subset of J , i — 1, 2, 3, 
n GZ and assume that 

size^((a«) J ) < 2^energy^((a!; ) ) J )- 
Then, there exists a decompostion J' = J" U J'" such that 

**ij..((a¥)j) < 2— 1 energy^((a5 ) ) J ) (45) 

and so that J'" can be written as a disjoint union of subsets T e T such that for every 
T G T there exists a dyadic interval Jt & J having the property that every J e T satisfies 
J C J T and also such that 

J2\Jr\<2 n °- (46) 
reT 

Proof Case 1 : % = j. First, chose an interval J G J' having the property that \J\ is as 
big as possible and so that 

J^l > 2--- 1 energy^((a!; ) ) J ). (47) 

Then, collect all the intervals J' G J' with J'C J into a set called T. After this, define 
Jt '■= J and look at the remaining intervals in J' \ T and repeat the procedure. Since 
there are finitely many such dyadic intervals, the procedure ends after finitely many steps 
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producing the subsets T G T. Define J 1 " := U TeT T and J" ■= J \ J'". Now clearly, by 
construction, the inequality (45) is satisfied and it only remains to check (46). 

Since the intervals (Jt)tst are all disjoint by construction, we deduce from (47) and 
Definition 5.2 that 

2- n °energyi J ((af) J )(J2 \M) < energy^ ((af)j) 

TGT 

which is equivalent to our desired estimate (46). 

Case 2 : % ^ j. The procedure of selecting the intervals is very similar. The only 
difference is that this time, we pick intervals J' G J' so that \J\ is again as big as 
possible, but having the property that 

>2--- 1 energy^((a5 ) ) J ). 

l,oo 

After this the argument is identical to the one we described before. ■ 
Similarly, we also have 

Proposition 8.2. Using the same notations as in the previous Proposition 8.1, assume 
that 

^((«?)/) < 2-°energy^ 0iJ ((a( 3) ) J ). 
Then, there exists a decompostion J' = J" U J'" as before, such that 

^4, k0 ,A( a fh) ^ 2--- 1 energy^ 0iJ ((a5 !) ) J ) (48) 

and so that J'" can be written as a disjoint union of subsets T e T such that for every 
T G T there exists a dyadic interval J T G J having the property that every J G T satisfies 
J C J T and also such that 

£|J T |<2"°. (49) 
TeT 

By iterating these two propositions, we obtain the following corollaries. 

Corollary 8.3. Let i = 1,2,3 and J be a finite family of dyadic intervals. Then, there 
exists a partition 

J= (J J n,i 

such that for every n G Z we have 

size J i Jnti ((af)j) < min(2- n eneTgy[j((af)j), size^((a5 ) ) J )). 

Also, we can write each J n ' 1 as a disjoint union of subsets T G T l n as before, having the 
property that 



1 

\T\ 



E 



,W|2 



1/2 



I J' 



-XJ'{x) 
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E i J ri<2" 



Corollary 8.4. Let J be a finite family of dyadic intervals. Then, there exists a partition 

J=\Jj n 

such that for every n G Z we have 

size 3.fc ,j"((4 3) )j) < ™(2 _ "energy^ fcoii7 ((a^ 3) )j), size^ fco i7 ((a^ 3) )j)). 
Also, we can write each J n as a disjoint union of subsets T G T n as before, having the 
property that 

TeT n 

Having all these decompositions available, we can now start the actual proof of Propo- 
sition 5.5. We will only present the proof of the first inequalty (40), the proof of (41) 
being similar. 

As in [11], since j is fixed anyways, we will write for simplicity Si := size^ ' j((o>j*)j) and 

energy? ((a |y "*) j), for % — 1,2,3. If we apply Corollary 8.3 to our collection J7", we 
obtain a decomposition 

J = \Jjn,i 

n 

such that each J n ' 1 can be written as a union of subsets in T l n with the properties described 
in Corollary 8.3. Consequently, one can estimate the left hand side of our inequality (40) 

as 

E E Enssl«? ) ll«?Wl < 50 > 



ni,n,2,nz TeT n i- n 2. n 3 JeT 



where T™ 1 '™ 2 '™ 3 := n T 2 n2 n T^. 



Fix such a T and look at the corresponding inner term in (50). It can be estimated by 

,00 1 
\J\ 1 ' 2 



-Pn^n(E u(!)|2W2 



JGT 

(?) 



sup 

JeT 



1 1 1 1 JeT / 



3 



nsize^((a? ) ) J ) |J r |, 



,i=i 



by also using the John-Nirenberg inequality in Lemma 5.3. 
In particular, we can estimate (50) further by 
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E^Ez 2- ni 2- n2 2- nz ^ l J rl ( 51 ) 

11,712,13 TeT n i' n 2- n 3 

where, according to the same Corollary 8.3, the summation goes over those ni, n 2 , n 3 G Z 
having the property that 



9 • 



(52) 



On the other hand, Corollary 8.3 allows us to estimate the inner sum in (51) in three 
different ways, namely 

\It\ < 2 ril ,2 ri2 ,2" 3 

T , eT n i' n 2.™3 

and so, as a consequence, we can also write 



^2 \I T \ < 2 ni9l 2 n2d2 2 n303 (53) 

TGT n i- n 2. n 3 

whenever < 1 ,9 2 ,9 3 < 1 with 9 1 + 9 2 + 0% = 1. Using (53) and (52), one can estimate 
(51) again by 

E X E 2 E 3 ^2 2 _ni(1_9l) 2~ n2(1 ^ 2) 2~ n3(1 ^ 3) < 

11,12,13 



and this ends the proof. 



9. Proof of Lemma 5.8 



Case I : Estimates for sizeg j((a 
These are essentially known (see [8]). We include a slightly different proof here for 
completeness and also since the same argument has enough flexibility to also handle the 
case of sizeg fe j((a^)j) later on. There are two subcases. 
Case 1 1 . j ^ 3. 

Fix J G J. Clearly, to prove our estimates it is enough to show that 



,(3) 12 



1/2 



J 



< 



\\hx N j \\ P ■ ||/4Xj ll? 



N 



(54) 



1,00 



whenever 1 < p, q < 00 with l/p+ 1/q = 1. Let us now recall that ay is defined by 

Iely,wjnL0 2 ^-,\Lo'j\<\uj 2 \ 



(55) 
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Define the collection X to be the set of all dyadic intervals I E I\ for which there exists 
J G J with the property that Uj fl uj 7^ and < We claim that 

a? = Wi.A).^) (56) 

where B(f 1 , f^) is defined by 

A) := Ep(A- $ D (/i. *?>*?(*)■ (57) 
/ex 

To check the claim, let us observe that for each I £ I 

$3} _^ Q iff H c^f 7^ 0. 

There are two possibilities: either \ujj\ < \ujj\ which is acceptable by (55), or < 
\ouj\. We then make the claim that this last situation cannot occur. Indeed, since ouj 
is symmetric with respect to the origin, that would imply that G 3uj which is clearly 
false, since by Definition 3.2 one has ^ 5ujj. 

Using now (56) together with Lemma 5.4 it follows that to prove (54) it is enough to 
prove that 



iWi,/ 4 )xs;iii<ii/3xs;iip-ii/4xy ii 9 (58) 

By scaling invariance, we may assume without loss of generality that \J \ = 1. Our plan 
is to prove a slightly weaker version of (58), namely to prove that 



\\B(fuh)xj\\i<\\Mj\\ P -\\Mj\\ q (59) 

for every dyadic interval J C R of length 1. We now prove that if we assume (59) then 
(58) follows quite easily. 

To see this, consider a partition of the real line with disjoint intervals of length 1 

{Jn) n& 1* SO tllat 

( |J J n ) U Jo = R. 

Z. 

Then, estimate the left hand side of (58) by 

iWi,/ 4 )xj;iii<iw 1 ,/ 4 )xj iii+ \w^h)x N j' xj n \v< 

ry * 

II-B(/i,/4)xj IIi+ Yl ^pllWi'/^xjJIi- 

The first term clearly satisfies the desired estimates. The second one can be further 
majorized using (59) by 
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-J n \\q ~ 



\lb\ 
ry * I I 

I^IAT' ll/lXj„ Hp ) 'l I I TV' H^ 4 ^Jn H? J ~ 



Z* I I / \ ry* I 



Vp / \ V<? 

ix 



< 



II /lX Jo Hp ' H/lXjollg 

if N' is big enough. It remains to prove (59). 
Case I la : supp/i, supp/ 4 C 5 J. 

In this case, our inequality (59) follows from the known estimates on discrete paraprod- 
ucts (see for instance [11] ). 

Case In,: Either supp/i C (5J) C or supp/4 C (5J) C . 

Assume for instance that supp/i C (5J) C . Then, we decompose B(f±, f 4 ) as 

B(f 1 ,f 4 )=B'(f 1 ,f 4 ) + B"(f 1 ,U) 

where 

B'(/i.A)== E jTpai,*})^*?)*! 

and 

B"(fi,h):= E j7p</i> 
/ex ; /n5J=0 

By our reduction ( | J | = 1) we observe that the lengths of our intervals / are all smaller 
than 1. 

For h G ||/i||oo < 1 one can write 



I I B'(f 1 J 4 )(x)h(x) X j(x)dx\< 
JO, 

E ]tLk/i.^>ik/4^?>ik^j,^>i = 



7GX;/n5J^0 

00 

E E 2 fc / 2 i(/ 1 ,$})ii(/ 4 ,$?)ii(/ iXj ,$?)i = 

fc=0 7eX;/n5J^0;|/|=2- fc 

00 

E E 2 ~ k/ ^ 1 1 2 ^' /2$ ?) 1 1 fe, 2- fc/2 <^> I (60) 

fe=0 /eJ;/n5J^0;|/|=2- fc 
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and observe that all the functions 2 fc / 2 $), 2 fc / 2 $| and 2 k / 2 ^j are normalized. 
Then, we estimate (60) by 



E 2 2fe sup | (/i, 2- fe / 2 $}) | sup | (/ 4 , 2- fc / 2 $f ) 

fe=0 \/n5J^0;|/|=2-fe y \/n5J^0;|J|=2-fc 

i to, E 

/GX;/n5J^0;|/|=2- fc 



xf)l< 



E2 2fe 2- 100fe ||/aJlli- IIMJIIi < IIAxa- ll/^ll,- 



fc=0 



Similarly, one can also write 



li 



B"(f 1 J 4 )(x)h(x) X j(x)dx\< 



/ex ; /n5J=0 



£ £ 2 2fe |(/ 1 ,2- fc / 2 $})||(/ 4 ,2^/ 2 <|.?)||(^ J ,2- fe / 2 <|. 2 )| < 

fc=0 7eX;/n5J=0;|/|=2- fe 



E2 2fe e dist(i, jru^h • iiMyiii • ( ^^)-^ 

fc=0 /eX;/n5J=0;|/|=2- fe 



< 



u/ix3% • iiMjii g -E 2 " (Ar '" 2)fc E (dist(/, j))-^'- 2 ^). 

fc=0 /eX;/n5J=0;|/|=2- fe 

Now, if iV' is much bigger than 2N then the inner sum in (61) is smaller than 



OO oo 

(l + n2- k ) N '- 2N ^ 

n=0 v 1 n=0 



(2 k + n)^- 2JV 

n=0 v 7 



< 



(61) 



poo 1 

2 fc(iV'-2JV) / 1 A r < O fc 

7 2fc x N>-2N aX ~* 

and this makes the geometric series in (61) convergent. We are then left with Case I2 
when j = 2 but this clearly follows by the same arguments. 
Case II : Estimates for sizeg k jd^j ))■ 

The argument follows the same ideas as before. There are several subcases. 
Case Hi . j 7^ 3. 

Fix as before J G J . Clearly, to prove our estimates it is enough to show that 



vJCJo 



,(3) ,2 
V.fco I 



1/2 



II /3X j ||p • ll/4Xjollg 



(62) 



1,00 
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whenever 1 < p, q < oo with 1/p + 1/q — 1. Let us now recall that a*j\ is defined by the 
formula 

af:=( E |7^ai^}>(/4,^>^^>- (63) 

Since the frequency intervals ouj and cjj depend only on the scales |/| and \J\ respectively 
(see Section 3) it follows that by a certain refinement we can assume that given |J| there 
exists only one \I\ so that H ^ and 2 fc °|o;^ / || ~ \vfi\\- Fix now such a pair of 
dyadic intervals I and J. Then, by Plancherel, we have 

= (64) 

Since \J\ ~ 2 fe °|7|, pick a Schwartz function ^\i\,k so that supp^/^, C 2u^ and ^\i\,k = 
1 on 

Then, (64) equals 

($|,g.^X) = ($?T?^ u , ,$3) = 

where 

and it is not difficult to observe that $ 2 is an L 2 - normalized bump adapted to /, where 
I is the unique dyadic interval of length 2 fc °|/| which contains I. We also observe that for 

different scales, the supports of $ 2 are disjoint. 

Because of all these properties, we now observe that 

a% = B k0 (fuh)^ 3 j) (65) 

where 

B k0 (h, h) ■= z- ko/2 E ]jp</i' ^ V*> 

As before, using now (65) together with lemma 5.4 it follows that to prove (62) we just 
need to prove that 

\\B k MiJdxX\\i<\\fsxl\\ P -\\Uxlh (66) 

By scaling invariance, we may assume also as before that | J | = 1 and observe that then, 
for every I one has |/| < 1. Then, an argument similar to the one before allows us to 
reduce (66) to 
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\\B k0 (hJdxjh<\\Mn P -\\hxn q (67) 

for every dyadic interval J C R of length 1. It is thus sufficient to prove (67). We have, 
as before, several cases. 

Case ll\ a : supp/i, supp/ 4 C 5 J. 

Let h e C°°, Halloo < 1. Then, 

B ko (fi, fd(x)h(x)xj(x)dx\ < 

1R 

:r " ,/2 E ijpaK/i. *}) 1 1 (A, *?> 1 1 fe, 5?) I = 

and since now 2fcQ ^^ 1/2 is L 1 - normalized, the previous expression is smaller than 

£K/i,<f>}>IK/4,*?>l = 
i 

V l(/l^})ll(/4,^)i 

Z_s |/|l/2 |J|l/2 I I - 



1? 



|/|l/2 |/|l/2 



V2 / ,,„ TQ1|0 \ 1/2 



/ sifjix) ■ s(u)(x)dx < ii^/on,, • won, 

J Hi 



Hip' ||/4||g < H/lXj Hp' ||/4Xj||g 

using the fact that the square functions S(fi) and S , (/ 4 ) are bounded on U for 1 < r < oo 
and also the fact that we are in the Case ll\ a - 

Case II\b'- Either supp/i C (5J) C or supp/ 4 C (5J) C 

Assume as before that supp/i C (5J) C . Then, decompose Bk (fi, / 4 ) as 

B k0 (f 1 Ji)=B' k0 (f 1 ,ft)+B» (f 1 ,U) 

where 

^ (/i,/ 4 ):=2-^ 2 £ ^(/i,<f))(/4,<ff)$? 

and 
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/n5J=0 

If ft, is as before, then we can write again 



LB' ko (f 1 J 4 )(x)h(x)xj(x)dx\< 



2 ~ k ° E E S^KA, 2- fe / 2 $}) 1 1 (f 4 , 2~ k lH]) 1 1 (h X j, 2 k ^2- k lH)) | 

fc=0 /;7n5J^0;|/|=2- fc (68) 

and we observe that the functions 2~ fc / 2 $}, 2~ fe / 2 $f and 2 fc °/ 2 2~ fe / 2 $ 2 are all L°°- normal- 
ized. Then, we estimate (68) by 



oo 



2- fe »E 22 M SU P |(A,2- fe/2 $i)| sup K/4,2- fc / 2 $?) 

fc=0 \J:Jn5J#0;|J|=2-* / \J:/n5J#0;|J|=2-* 

I to, E Xf>l- 

/:/GX;/n5J^0;|/|=2-' ! 

Since 

I to, E Xf)l<2 fc0 , 

/:/eX;/n5J^0;|/|=2- fe 

the estimate follows as in the previous Case I lb . 
Finally, one can also write 



Bl(f u U)(x)h(x) X j(x)dx\ 
1R 



< 



E |7pKA'^)IK/^^)llto,^> 



I:Ir\5J= 



E K/.,*})IK/4,*?>lt^|< 

/:/n5J=0 



2 feo/2|/|l/2 

E E K/i.*l>IKA.4?>l^i#^ 



A":Kn5 J=0 J : J=K- 



< 

K\ 



E (^§^r w ' E I (A,*}) IK/*, *?>!;$ 

K:Kn5J=<l) ' ' 7:7=K 

e <^)- n ' / R f e ^f^vv e «x, w y /! ^< 
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E dist(/\~, J) s-N'\\ f ~N\\ \\f z N \ 
{ n7\ > \\hXK\\p • WUXkI 



K 

K:KC\bJ=% 1 1 

by using Lemma 5.4. And this can be estimated further by 



E (^w^)^'^^, J) 2JV ||/aJ|| P - \\hx N A 



K:Kn5J=d 1 1 

As in the Case 1^ one observes that the sum 



£ ( dist( ^ J) y N \dist(K, jf N 

K:Kn5J=<!) ' ' 

is 0(1) if N' is much bigger than 2N and so we obtain in the end the desired estimate. 
Case II2 : j = 3. 

This is actually easier, follows the same ideas and is left to the reader. This completes 
the proof of Lemma 5.8. 

10. Proof of Lemma 5.9 

We are therefore left with proving Lemma 5.9 in order to complete the proof of our 
main theorem. 

Case I : Estimates for energy^ j((a < - 3 - ) ) j). 
There are, as before, two subcases. 
Case I\: j ^ 3. 

Let n e Z and D be so that the suppremum in Definition 5.2 is attained. Then, since 
the intervals JeD are all disjoint, we can write 



energy^((a( 3 )) J )~2"(E|J|) = 



JeD 



= 2i$>j||i = ll£ 2n ; 



JeD JeD 



1 \n {3) \ 2 

Enrii(Ei5|^'^) 1/2 ii^xj 

JeD ' ' j'cj ' ' 



(69) 



1,00 



As in Section 9, define the collection X to be the set of all intervals I having the property 
that there exists JeD and J'CJ with Uj, fl uj 7^ and < \lu]\. Then, we observe 
as before that 



af = (B(f u f 4 ),<S>%) (70) 

where B(fi, / 4 ) was defined by (56). Using this fact together with Lemma 5.4 one can 
majorize (69) by 



ECiTi i\B{h,h)\x N jdx) XJ 

JeD Vl 1 JJR ' 



< 



1,00 
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))\\l,oo H /OH 



1< 



(71) 



/ex 



for a certain /i e ||/i||<x> < 1- Since j^p^ is an L - normalized function, it follows that 
(71) is smaller than 



£K/i,*}>ll</4,*?) 



(72) 



/ex 



Since both of the families and are lacunary, by a similar argument used to 

prove Proposition 5.5, one can estimate the expression (72) by 



(ste 1 f{({fi,*)))i)) 1 ~° 1 (size 2)X (((/i, 



1-02 



(energy l5 (((/ 1 , $}»/)) 91 (energy^ (((A, *?»,)) 



02 



(73) 



for any < 0i,0 2 < 1 with Q x + 6 2 = 1 where size 1? (((/i, $}))/), size 2>5 (((/i, $f ))/), 
energy 1 j(((/i, $}))/) and energy 2 j(((/i, $?))/) are naturally defined as in Definition 5.2. 

Using now the upper bounds for sizes and energies provided by Lemmas 5.6 and 5.7, 
(73) can be estimated by 



(sup / 

V I J Ei 



xfdx) (sup / xftfoj l^i 1 91 1 ^4 1 64 

'Ei J V / JEi / 

which is the desired estimate. 
Case I 2 : j = 3. 

This is easier. Pick again n G Z and D so that the suppremum in Definition 5.2 is 
attained. Then, 



energy^((a( 3 )) J )~2"(^|J|) = 

JeD 

= 2"||^ Xj || 1 = ||^2^ J || l!00 < 



JeD 



JeD 



E rrr L ' E TjL(fu*\M,VW\%dx] Xj 

Jen y 1 JK / :£ 4n^0;|c4|<|a,?| 1 1 



< 



1,00 



E (rrr ^(EkA'^ik^^It^^ 

JeD V 1 JJR / 11 



Xj 



< 



1,00 
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TV' 

Xi 



< 



N' 

Xi 



£l</i,*}>IK/4,*?>l^ 
E K/i>*/>IKA>*? 



1,00 



< 



and from here we can continue as before. 

To obtain the estimates for energy^ ko j((a^) j), one argues in the same way. The j — 3 
case is identical to the corresponding previous one, while j ^ 3 follows also similarly. The 
only difference is that instead of (56) one has to use (65) and then to observe that for 

every interval /, 2fco/2 ^ 1/2 is an L - normalized function. 
This ends our proof. 
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